Abstract. On 5-dimensional almost contact B-metric manifolds, the form of any ϕ-Kähler-type tensor (i.e. a tensor satisfying the properties of the curvature tensor of the Levi-Civita connection in the special class of the parallel structures on the manifold) is determined. The associated 1-forms are derived by the scalar curvatures of the ϕ-Kähler-type tensor for the ϕ-canonical connection on the manifolds from the main classes with closed 1-forms.
Introduction
The curvature properties of the almost contact B-metric manifolds are investigated with respect to the Levi-Civita connection ∇ and other linear connection preserving the structures of the manifold. A significant role play such connections, which curvature tensors possess the properties of the curvature tensor of ∇ in the class with ∇-parallel structures.
The present paper 1 is organized as follows. In Sec. 1, we give some necessary facts about the considered manifolds. Sec. 2 is devoted to the ϕ-Kähler-type tensors, i.e. the tensors satisfying the properties of the curvature tensor of ∇ in the special class F 0 . In Sec. 3, it is determined the form of any ϕ-Kähler-type tensor L on a 5-dimensional manifold under consideration. In Sec. 4, it is proved that the associated 1-forms θ and θ * are derived by the non-ϕ-holomorphic pair of scalar curvatures of the ϕ-Kähler-type tensor for the ϕ-canonical connection on the manifolds from the main classes with closed 1-forms. In Sec. 5, some of the obtained results are illustrated by a known example.
Preliminaries
Let (M, ϕ, ξ, η, g) be an almost contact manifold with B-metric or an almost contact B-metric manifold, i.e. M is a (2n + 1)-dimensional differentiable manifold with an almost contact structure (ϕ, ξ, η) consisting of an endomorphism ϕ of the tangent bundle, a vector field ξ, its dual 1-form η as well as M is equipped with a pseudo-Riemannian metric g of signature (n, n + 1), such that the following relations are satisfied
for arbitrary x, y of the algebra X(M ) on the smooth vector fields on M .
Further, x, y, z will stand for arbitrary elements of X(M ).
The associated metricg of g on M is defined bỹ
Both metrics g andg are necessarily of signature (n, n+1). The manifold (M, ϕ, ξ, η,g) is also an almost contact B-metric manifold. The structural tensor F of type (0,3) on (M, ϕ, ξ, η, g) is defined by F (x, y, z) = g (∇ x ϕ) y, z . It has the following properties:
The following 1-forms are associated with F :
where g ij are the components of the inverse matrix of g with respect to a basis {e i ; ξ} (i = 1, 2, . . . , 2n) of the tangent space T p M of M at an arbitrary point p ∈ M . Obviously, the equality ω(ξ) = 0 and the relation θ * • ϕ = −θ • ϕ 2 are always valid.
A classification of the almost contact manifolds with B-metric with respect to F is given in [3] . This classification includes eleven basic classes F 1 , F 2 , . . . , F 11 . Their intersection is the special class F 0 determined by F (x, y, z) = 0. Hence F 0 is the class of almost contact B-metric manifolds with ∇-parallel structures, i.e. ∇ϕ = ∇ξ = ∇η = ∇g = ∇g = 0.
In the present paper we consider the manifolds from the so-called main classes F 1 , F 4 , F 5 and F 11 , shortly the F i -manifolds (i = 1, 4, 5, 11). These classes are the only classes where the tensor F is expressed by the metrics g andg. They are defined as follows:
where (for the sake of brevity) we use the denotation {A(x, y, z)} (y↔z) -instead of {A(x, y, z) + A(x, z, y)} for any tensor A(x, y, z). Let us remark that the class F 1 ⊕F 4 ⊕F 5 ⊕F 11 is the odd-dimensional analogue of the class W 1 of the conformal Kähler manifolds of the almost complex manifold with Norden metric, introduced in [4] . ] be the curvature (1,3)-tensor of the LeviCivita connection ∇. We denote the curvature (0, 4)-tensor by the same letter: R(x, y, z, w) = g(R(x, y)z, w).
Curvature-like tensors
The Ricci tensor ρ and the scalar curvature τ for R as well as their associated quantities are defined respectively by ρ(y, z) = g ij R(e i , y, z, e j ), τ = g ij ρ(e i , e j ),
) having the following properties is called a curvature-like tensor :
The above properties are a characteristic of the curvature tensor R. Similarly of (2), the Ricci tensor, the scalar curvature and their associated quantities are determined for each curvature-like tensor L.
This property is a characteristic of R on a F 0 -manifold. Moreover, (2.3) is similar to the property for a Kähler-type tensor with respect to J on an almost complex manifold with Norden metric ( [1] ).
), then the following properties are valid:
Proof. The equalities (2.4) and (2.5) follow immediately from (2.1), (2.2) and (2.3). The properties (2.4) and (2.5) imply (2.6).
We consider an associated tensor L * of L by the equality
Let us remark, the tensor L * is not a curvature-like tensor at all. If L is a ϕ-Kähler-type tensor, then L * is also a ϕ-Kähler-type tensor. Then the properties in Lemma 2.1 are valid for L * . Obviously, the associated tensor of L * , i.e. (L * ) * , is −L. Consequently, we have the following
2.1. Examples of curvature-like tensors of ϕ-Kähler type. Let us consider the following basic tensors of type (0,4) derived by the structural tensors of (M, ϕ, ξ, η, g) and an arbitrary tensor S of type (0,2):
where we use the denotation {A(x, y, z)} [x↔y] instead of the difference A(x, y, z)−A(y, x, z) for any tensor A(x, y, z). The tensor ψ 1 (S) coincides with the known Kulkarni-Nomizu product of the tensors g and S.
The five tensors ψ i (S) are not curvature-like tensors at all. In [12] and [9] , it is proved that on an almost contact B-metric manifold:
(1) ψ 1 (S) and ψ 4 (S) are curvature-like tensors if and only if S(x, y) = S(y, x); (2) ψ 2 (S) and ψ 5 (S) are curvature-like tensors if and only if S(x, ϕy) = S(y, ϕx); (3) ψ 3 (S) is a curvature-like tensor if and only if S(x, y) = S(y, x) and S(x, ϕy) = S(y, ϕx).
Moreover, both of the tensors ψ 1 (S) − ψ 2 (S) − ψ 4 (S) and ψ 3 (S) + ψ 5 (S) are of ϕ-Kähler type if and only if the tensor S is symmetric and hybrid with respect ϕ, i.e. S(x, y) = S(y, x) and S(x, y) = −S(ϕx, ϕy). In this case, their associated tensors are the following:
The following tensors π i (i = 1, 2, . . . , 5), derived only by the metric tensors of (M, ϕ, ξ, η, g), play an important role in differential geometry of an almost contact B-metric manifold:
In [12] , it is proved that π i (i = 1, 2, . . . , 5) are curvature-like tensors and the tensors
3. ϕ-Kähler-type tensors on a 5-dimensional almost contact B-metric manifold
Let α be a non-degenerate totally real section in T p M , p ∈ M , and α be orthogonal to ξ with respect to g, i.e. α ⊥ ϕα, α ⊥ ξ. Let k(α; p)(L) and k * (α; p)(L) be the scalar curvatures of α with respect to a curvaturelike tensor L, i.e.
where {x, y} is an arbitrary basis of α. We recall two known propositions for constant sectional curvatures. 
In this relation, we give the following Theorem 3.3. Let (M, ϕ, ξ, η, g) be a 5-dimensional almost contact Bmetric manifold. Then each ϕ-Kähler-type tensor has the form
where ν = ν(L) and ν * = ν * (L) = ν(L * ) are the sectional curvatures of the totally real 2-planes orthogonal to ξ in T p M , p ∈ M , with respect to L. Moreover, (M, ϕ, ξ, η, g) is of point-wise contact sectional curvatures of the totally real 2-planes orthogonal to ξ with respect to L.
Proof. Let {e 1 , e 2 , ϕe 1 , ϕe 2 , ξ} be an adapted ϕ-basis of T p M with respect to g, i.e.
−g(e 1 , e 1 ) = −g(e 2 , e 2 ) = g(ϕe 1 , ϕe 1 ) = g(ϕe 2 , ϕe 2 ) = 1, g(e i , ϕe j ) = 0, η(e i ) = 0 (i, j ∈ {1, 2}).
Then an arbitrary vector in T p M has the form x = x 1 e 1 + x 2 e 2 +x 1 ϕe 1 + x 2 ϕe 2 + η(x)ξ. Using properties (2.1), (2.2) and (2.3) for L(x, y, z, w), we obtain immediately L = νL 1 + ν * L 2 , where ν = L(e 1 , e 2 , e 2 , e 1 ), ν * = L(e 1 , e 2 , e 2 , ϕe 1 ) = ν(L * ) = L * (e 1 , e 2 , e 2 , e 1 ) are the sectional curvatures of α with respect to L, because π 1 (e 1 , e 2 , e 2 , e 1 ) = 1. Then, if {x, y} is an adapted ϕ-basis of an arbitrary totally real 2-plane α orthogonal to ξ, i.e.
g(x, y) = g(x, ϕx) = g(x, ϕy) = g(y, ϕy) = η(x) = η(y) = 0,
) is of point-wise contact sectional curvatures of α with respect to L.
The restriction of Theorem 3.3 in F 0 confirms Theorem 3.1 because R is a ϕ-Kähler-type tensor on a F 0 -manifold.
3.1.
Curvature tensor of a natural connection on a 5-dimensional almost contact B-metric manifold. In [10] , it is introduced the notion of a natural connection on the manifold (M, ϕ, ξ, η, g) as a linear connection D, with respect to which the almost contact structure (ϕ, ξ, η) and the B-metric g are parallel, i.e. Dϕ = Dξ = Dη = Dg = 0. According to [13] , a necessary and sufficient condition a linear connection D to be natural on (M, ϕ, ξ, η, g) is Dϕ = Dg = 0.
Let K be curvature tensor of a natural connection D with torsion T . Then K satisfies (2.1) and (2.3). Instead of (2.2), we have the following form of the first Bianchi identity ( [5] )
If we set the condition S x,y,z K(x, y, z, w) = 0 as for the curvature tensor R then K is a ϕ-Kähler-type tensor and satisfies the condition of Theorem 3.3. Therefore, we obtain Corollary 3.4. Let (M, ϕ, ξ, η, g ) be a 5-dimensional almost contact Bmetric manifold with a natural connection D with curvature tensor K of ϕ-Kähler-type. Then K has the form
where ν = ν(K) and ν * = ν * (K) = ν(K * ) are the sectional curvatures of the totally real 2-planes orthogonal to ξ in T p M , p ∈ M , with respect to K. Moreover, (M, ϕ, ξ, η, g) is of point-wise contact sectional curvatures of the totally real 2-planes orthogonal to ξ with respect to K.
Curvature tensor of the ϕ-canonical connection
According to [15] , a natural connection D is called a ϕ-canonical connection on the manifold (M, ϕ, ξ, η, g) if the torsion tensor T of D satisfies the following identity:
Let us remark that the restriction the ϕ-canonical connection D of the manifold (M, ϕ, ξ, η, g) on the contact distribution ker(η) is the unique canonical connection of the corresponding almost complex manifold with Norden metric, studied in [2] .
In [12] , it is introduced a natural connection on (M, ϕ, ξ, η, g), defined by
In [14] , the connection determined by (4.1) is called a ϕB-connection. It is studied for some classes of (M, ϕ, ξ, η, g) in [12] , [6] , [7] and [14] . The ϕB-connection is the odd-dimensional analogue of the B-connection on the corresponding almost complex manifold with Norden metric, studied for the class W 1 in [1] .
In [15] , it is proved that the ϕ-canonical connection and the ϕB-connection coincide on the almost contact B-metric manifolds in a class containing
According to [12] , the necessary and sufficient conditions K to be a ϕ-Kähler-type tensor in F i (i = 1, 4, 5, 11) is the associated 1-forms θ, θ * and ω • ϕ to be closed. These subclasses we denote by F 0 i (i = 1, 4, 5, 11). Bearing in mind the second Bianchi identity
we compute the scalar curvatures for K determined by
, where ρ(K) ij is the Ricci tensor of K, and then we get the following 4, 5, 11) , the relations for the scalar curvatures τ = τ (K) and τ * = τ * (K) of K are:
Obviously, bearing in mind (4.2), we obtain that the pair (τ, τ * ) on (M, ϕ, ξ, η, g) is a ϕ-holomorphic pair of functions, i.e. dτ = dτ * • ϕ and dτ * = −dτ • ϕ, if and only if the associated 1-forms θ and θ * are zero. Such one is the case for the class F 11 .
The system (4.2) can be solved with respect to θ and θ * and then
where
Let us consider the complex-valued function h = τ + iτ * or in polar form h = |h|e iα . Then we have |h| = √ τ 2 + τ * 2 , α = arctan (τ * /τ ). Bearing in mind that Log h = ln |h|+iα, then (4.3) take the following form:
So, we obtain the following
, the associated 1-forms θ and θ * are derived by the non-ϕ-holomorphic pair of the scalar curvatures (τ, τ * ) of the ϕ-Kähler-type tensor K for the ϕ-canonical connection D by (4.4).
For i = 4 θ = −ndα(ξ)η, θ * = 0;
Examples of almost contact manifolds with B-metric
Let us consider R 2n+2 = u 1 , . . . , u n+1 ; v 1 , . . . , v n+1 | u i , v i ∈ R as a complex Riemannian manifold with the canonical complex structure J and a metric g, defined by g(x, x) = −δ ij λ i λ j + δ ij µ i µ j , where x = λ i ∂ ∂u i + µ i ∂ ∂v i . Identifying the point p = u 1 , . . . , u n+1 ; v 1 , . . . , v n+1 in R 2n+2 with its positional vector Z, in [3] it is given a hypersurface S defined by
The almost contact structure is determined by the conditions:
where x, ϕx ∈ T p S and Jξ ∈ (T p S) ⊥ . Then (S, ϕ, ξ, η, g) is an almost contact B-metric manifold in the class F 5 . Consequently, we characterize (S, ϕ, ξ, η, g) by means of [8] . We compute the following quantities for the constructed F 5 -manifold: (5.1) θ = 0, η = sinh tdt, ξθ * (ξ) 2n = − θ * 2 (ξ) 4n 2 = 1 cosh 2 t .
In [11] , it is given that the 1-form θ * on a F 5 -manifold is closed if and only if xθ * (ξ) = ξθ * (ξ)η(x). By virtue of (5.1), we establish that (S, ϕ, ξ, η, g) belongs to the subclass F 0 5 , since dθ * = 0. The condition for the second fundamental form of the hypersurface S, given in [3] , the Gauss equation ( [5] ) and the flatness of R 2n+2 imply the following form of the curvature tensor of ∇ 
